284 ATAA JOURNAL

VOL. 24, NO. 2

The Viscous Wall-Layer Effect in Injected Porous Pipe Flow

Moshe Ben-Reuven*
Princeton Combustion Research Laboratories, Inc., Monmouth Junction, New Jersey

This analysis is aimed at the near-wall processes in an injected axisymmetric porous pipe flow. It is a part of an
overall study of solid-propellant rocket instability, in which cold-flow simulation is evaluated as a tool to
elucidate possible instability driving mechanisms. One such prominent mechanism seems to be viscoacoustic
coupling, as indicated by earlier, detailed order-of-magnitude analysis. In this study, the viscous wall layer is
analyzed at steady state to determine its effect on the flowfield prior to the onset of appreciable turbulence. The
formulation is derived in terms of a nonsteady singular boundary-layer problem, with detail (up to second order)
given only to the near-wall region. The injection Reynolds number is large and its inverse square root serves as an
appropriate small perturbation gquantity. The injected Mach number is also small and taken of the same order as
the aforesaid small quantity for the present simulation. The radial dependence of the wall-layer solutions up to
second order was derived in polynomial form. The first-order axial pressure distribution is solved in terms of a
cosine expression, at steady state; this pressure and the associated viscous friction coefficient are shown to agree

very well with experimental injected flow data.

Nomenclature

A, A =nozzle throat area and port exit area, respectively

a = adiabatic velocity of sound

C, =wall friction coefficient

C,,C, =isochoric and isobaric specific heats, J/kg-K

=radial mass flux

=axial mass flux

=thermal enthalpy

=ratio of inverse Reynolds number and Mach number
squared

=chamber length

=Mach number

= pressure

= Prandtl number

= channel radius

R, =injected Reynolds number

r =radial coordinate

Si,3 =‘‘source’ terms in the equations of motion for core

flow

Sro = Strouhal number, injected

t =time

U, = parameter defining (x, f), variation of wall layer axial

velocity component

u,u =axial velocity and mean axial core flow velocity,
respectively

=radial velocity component

=axial distance

=radial, magnified wall-layer coordinate, perpen-
dicular to surface

=C,/C, specific heat ratio

=difference, increment

=length scales

=small perturbation quantity

=thermal conductivity of gas (air), J/K-m-s

=viscosity coefficient, kg/m-s

= density, kg/m?
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Subscripts, Superscripts

0 =zeroth-order (perturbation)

1 = first-order perturbation

() =dimensional quantity
Introduction

HIS is part of a study aimed at elucidation of the physical
mechanism capable of driving acoustic instability in solid-
propellant rocket motors. A particular nonlinear mechanism
of interest is termed viscoacoustic coupling, which is expected
to prevail in the viscous wall sublayer (or Stokes layer)
upstream of the onset of appreciable turbulence. Preliminary
analysis has indicated that the viscoacoustic mechanism is suf-
ficiently powerful to drive nonlinear vibrations; it has been
shown that the frequency-dependent surface heat-transfer
component {(due to this coupling) can obtain both phase and
amplitude ranges that might drive acoustic vibrations with a
solid-propellant wall. N
The present study is therefore motivated by particular
nonsteady features of this internal flow family. As a
necessary initial step, certain properties of the viscous wall
layer are investigated at steady state. The objectives are to
demonstrate the validity of the physical approach and model
through comparison with available experimental data, and to
evaluate the injected porous tube cold-flow device as a
simulation tool for internal rocket flows. In both instances,
the availability of reliable steady-state experimental data is
advantageous.

Background

Culick! derived a solution to the Stokes stream function
equation for flow in a pipe with injected sidewalls. The flow
was rotational and, despite being inviscid, could obtain a
solution for the axial velocity component that satisfied the
no-slip boundary condition at the wall. The solution, which
satisfies the boundary data, namely, u(x=0)=0, u(r=1)=0,
and v(r=1)= —1, yields

v=—sin (Lﬂ)/r
2
u xcos( il r2>
=T R
2
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Of the general family of solutions obtainable, only that
allowing full determination of the vorticity (the azimuthal
component alone remains), by the available boundary data,
is physically meaningful; the rest were therefore rejected.
The axial pressure distribution obtained from the momentum
equation is parabolic,

(2*(0) —p* (x) ]/ Vap*vg? = (7x)?

This type of injected flowfield has been previously in-
vestigated both experimentally and theoretically. In par-
ticular, the early theoretical work of Berman,? who arrived
at a power series solution to the perturbation problem of
suction in a flat, porous-walled channel, with the inverse of
the suction Reynolds number serving as small-perturbation
quantity. The analytical results of Taylor® and Wageman
and Guevara® more closely resemble the cosine terms of
Culick!; both have carried out experiments as well and both
demonstrated very good agreement between the measured
axial velocity profiles and the calculated ones. It appears that
Culick arrived at his results independently, since no reference
was made to any of the previous works. In the experiments
by Dunlap et al.,’ the formulation derived by Culick was
used to correlate the measured data, again with considerable
success, regarding the core flow axial velocity profile, that is,
away from the close neighborhood of the wall.

Other experiments by Olson and Eckert® and later by
Huesman and Eckert’ likewise tend to verify the validity of
this formulation, in particular regarding the radial velocity
profile, which indeed exhibits a peak near the porous sur-
face,® as well as the axial pressure distribution (the latter
shown as a linear correlation between the friction coefficient
C; and the inverse mean axial velocity, which are both pro-
portional to 1/x.

The recent experimental study by Brown et al.® provides
valuable information regarding the steady-state axial
pressure profile and the axial velocity distribution, as well as
nonsteady wall heat transfer (obtained by exciting the stand-
ing acoustic modes in the tube). Departure of the steady-
state pressure distribution data from the predictions of the
aforementioned formulation by Culick! was attributed to the
possible transition to turbulence. As will be shown in this
study, the pressure data obtained can be simulated very well
with a first-order pressure perturbation arising from the
laminar viscous wall-layer analysis.

Earlier, Yagodkin® reported an experimental cold-flow
setup, with an injected porous pipe. The maximal injection
Reynolds number was 250, which is two to three orders of
magnitude less than that corresponding to actual internal
rocket flows. Hot-wire anemometry was used to obtain axial
velocity and axial velocity fluctuation vs axial and radial
distance. Turbulence intensity seems to peak near the surface
and decrease toward the centerline and toward the pipe wall.
These observations are qualitatively similar to those obtained
later by Yamada et al.! Although a transition region, at
R,,=100-150, was speculated® to involve ‘‘large eddy
structures,”” no such evidence appears in the experimental
data reported in Ref. 9.

Further studies by Yagodkin, with Varapaev!! and
Sviridenkov,!? are theoretical and address the problem of
laminar stability of injected channel flows, i.e., transition to
turbulence. Thus, modified versions of the Orr-Sommerfield
problem were investigated analytically!' and numerically.!?
Two related laminar flow stability analyses are by Goldshtik
and Sapozhnikov!? and Alekseev and Korotkin.* None of
these theoretical analyses indicates the presence of large tur-
bulent eddy structures prior to a full transition point; neither
do they obtain an origin of such turbulence on the centerline
upstream.

Recently, Flandro'® carried out a theoretical analysis for a
burning propellant in a cylindrical grain under the effect of
incident acoustic waves. A detailed formulation was derived
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with a double expansion, in terms of both inverse Reynolds
number and Mach number (independent small parameters).
A nonsteady premixed combustion zone was considered near
the propellant surface; the assumption was made, however,
that flow within the combustion zone is pure radial, i.e.,
zero axial component to all orders. Thus, it could be an-
ticipated that the results would resemble (regarding non-
steady combustion behavior) those of T’ien,'® and there
seem to be only small differences between the response to
tangent and perpendicular wave incidence. The problem was
finally solved numerically and details of the inner/outer
matching process were not given.

In the remainder of this paper, the viscous, injected wall-
layer formulation is derived in perturbation form. Analytical
near-field solutions are obtained for all variables up to first
order (inclusive) regarding the radial coordinate dependence;
the remaining (x,?) dependence is shown to be governed by a
relatively simple partial differential system. These solutions
are discussed, with particular attention to the resultant
steady-state pressure distribution and wall shear stress for
which experimental data are available.

Analysis
Analytical Model of the Core Flow

The equations of motion pertaining to the core flow are
presented, for an axisymmetric flowfield. The objective is to
simulate the cold-flow experiments of Brown at UTC/CSD,
which utilize cylindrical geometry. For the core flow region,
with typical injection Reynolds numbers of order 10, con-
stant and uniform thermophysical properties were assumed.
A schematic of the physical configuration is shown in Fig. 1.
Turbulence and combustion are precluded from the present
formulation. Other than these simplifications, the full com-
pressible, nonsteady, viscous equations of motion are con-
sidered, with all the dissipative terms included.

The five equations of motion, for continuity, radial
momentum, axial momentum and energy are presented in
differential form. A caloric equation of state (pertaining to
perfect gas) completes the model to form closure of the
dependent variables.

The following dimensionless independent variables are in-
troduced, based on the two physical scales of reference,
namely, inner chamber radius R{ and reference injection
velocity vy

r=r*/R¢, x=x*/RE, i=r/t} )

where /¢ =Rg/vg.
The dependent variables are

v=v*/v§, u=u*/vf
p=p*/ps, h=h*/h§, p=p*/p¢ 93]
The properties used for nondimensionalization are the
reference (injected) density p¢ and the reference chamber

pressure pg; the corresponding thermal enthalpy #§ is
calculated from the caloric equation of state,

v—

1
P = pchg &)

where y=C,/C, the specific heat ratio, is considered a con-
stant. The reference speed of sound is

ag = (ypg /o) =~ (y— k¢ @)
The corresponding injection Mach number is

My =vg/ag &)
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The reference (injection) Reynolds number and Prandtl
number are, respectively,

P USRS
Ry= , P = s
u

O]

Recall that the viscosity, thermal conductivity, and isobaric
specific heat are all uniform and constant within the present
cold-flow simulation. These idealizations are incorporated
merely for convenience in allowing clear identification of
physical interactions within the core flow at low (axial) Mach
numbers; sharp pressure and temperature variations are ob-
viously precluded. The dimensionless equations of motion
are as follows for the region O0<x<L, 0<r<1, t>0:-

dp 1 9 dpu
—t— —(r-pv) +—=0
at * r ar(r pv) ox ™
dov 1 @ 5 dovu
T ”W-SZ ®
dou 1 9 ( 24
3 —W(r puv)+a— pu ©)
dph 1 ]
—;’—+———<r 10hv) +——(yohu) = 5, (10)
t r
The right-hand side (source) terms are defined as
S = 4/3 1 <8v v) 1 ap
>""Rgy r \or r YM3  or
3%v 1 4 < du v >]/
+|—t— —(—+4—) |/R
[Bx2 M 3 ar\ ax or @ 1D

1/r [ ou 1 dv

=
37 Ry \Or 3 ox
0%u 1 9 ou av>]/
= (M L %Y%) /R 12
+[aﬂ’k3 ax\ax | or 0 12

S_(ap >7/P 1 ok o 82h>
LRA P ar = or ax?

4 ou \2 av \2 v \2
rr-0 (| (50) "+ (57) ()]
_i[<ﬁ’___”_>_i’ﬂ_+i f’v]

3 ar r ax r o or

du v \?2

_— 13
+<6r+ax)}/Re° , 3

The following physical boundary data are available,

1) On the center line (¢, r=0, x),

du ap oh
=0, —=0, —=0, —= 14
v=0 or or ar 0 14

2) At the porous (injected) surface (¢, r=1, x):

v=—vy(x¢t), u=0, h=hy(x1?) (15)

3) At the (nonpermeable, solid) head-end closure (£,7,x=0),

v=0, u=0, h=hy(nt) (16)
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The functions vy(x,1), hy(x,?), and hy(r,?) are arbitrary im-
posed distributions.

4) The exit plane, defined by (¢, r, x=L), forms an en-
trance into a short, convergent nozzle section.

Injected Sidewall Layer

The flow region of interest (Fig. 2) is close to the surface,
where viscous forces are expected to be appreciable within a
thin layer. For the neighborhood of r=1, the following
transform is proposed for the radial coordinate:

y=(1-r)/e a7

which magnifies the wall layer, with

0<e=1/VR,<1 (18)
Thus,
d 1.0 3? 1 3
e (19)
a3 e dy’ At € 3y

and r=1-ey. The assumption of small injection Mach
number is constrained as follows. Obviously, the injection
Mach number is an additional independent parameter in the
formulation (equations of momentum and energy). In the
flow types of interest for simulation herein, M, is also very
small; in consideration of the typical experimental configura-
tions used by Brown,®

~0O(1/Ry4) ~0(e?)

which adequately represents a range of cold-flow conditions.
This offers great simplification in the analysis, although at
the cost of a narrower range of general application (consider-
ing the relative freedom of the two major flow parameters,
R, and M,). Therefore, a parameter is introduced,

1/R, €

=const (20)

K,=— 2%
MG yM;

INJECTED SIDEWALL
LAYER (VISCOUS)

COLD FLOW
INJECTION

COREFLON CONTROL
VOLUME (WAVE MOTIONS,
MEAN FLOW)

CHOKED NOZZLE,
A = F(o)

Fig. 1 Simulated axisymmetric, internal rocket chamber flow,
showing specific regions of interest.

u
Y =(I-M/E v
SOLID VISCOUS
END-WALL ‘ WALL LAYER

X=0 CYLINDRICAL POROUS WALL / =k
WITH INJECTTON

Fig. 2 Injected wall-layer region, showing the perturbed (expanded)
“‘inner’’ coordinate (the ‘““‘outer’’ core flow regime is above, toward the
centerline).
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The relevant time scale depends on the frequency range of
interest. For the flow regime and acoustic perturbation fre-
quencies of interest eventually, the injection Strouhal
number is of order unity,

Sro =f3RG /v @n

where f, is a reference frequency. Therefore, the viscous
sublayer thickness and Stokes layer thickness are also
comparable.

[RG/NR1/[1* /03 f517 =~ Sro~0(1) 22

Thus, the same time scale used herein for both the viscous
sublayer and the main (core) flow can be utilized for non-
steady analysis.

The independent variables are (x,y,?), while the associated
dependent variables, in the wall layer, are perturbed,

p=pytTep;, UV=Uy+ev;,
u=uy+eu, h=hy+eh, 23)
while the following abbreviations are introduced,

Fy=povy, Fi=po, +019

Go=poup, Gy=pou;+piup

Po=pohos  Pi1=pohy +pihy 24
It should be stressed that the O(e) terms represent perturba-
tion quantities that may later be considered as series expan-
sions. The present analysis is concerned with the two lowest
orders only. This in no way implies limitation to so-called
““linear’’ considerations.

For the perturbation variables of Eqs. (17-24), the con-
tinuity equation yields

5 19 .
'5?(1004‘6#)1)‘? g(Fo+€F1 +epyvy)
d
+¥(GO+EG1)=—(1+6)7) (Fy+efy) 25)

Similar substitution of perturbed variables is also carried out
for the remaining equations of motion. A hierarchy of equa-
tions can then be collected, for equal powers of the small
quantity e.

The lower-order analysis (concerning negative powers of ¢)
readily yields the following simple results:

Fy=Fy(xt), vy=0vy(x1)
Po=po(t), PI=Di(X1) (26)

Also, the following differential equation arises from the ax-
ial momentum balance at order 1/e:

op d
Km—a—x‘l“‘g(Fouo) =0 @7

which can be integrated to reveal the y dependence of u,,

K, (ap1>
uy(x,6;y) = —_— 2
o (X,5:9) 7, \ox y (28)
with
Uy {x,,0)=0
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Of course, the (x,7) dependence of u, still remains to be
found. However, its dependence upon the layer coordinate y
is found to be linear; this result has several important im-
plications. The axial shear stress component within the layer,

o Su Ky 9py
¥ o9y F, ox

(29)

is obviously nonzero in general, while being independent of
distance from the wall at any given position (x, ). Even more
striking is the vanishing of the viscous dissipation term at
zeroth order,

%uy/3y* =0

which leaves in the zeroth-order axial momentum equation a
balance of inertial terms, strictly. This physically explains the
success (up to first order) of modeling this family of injected
flows by assuming rotational, inviscid motions; such model-
ing indeed obtains solutions for the axial velocity profile that
satisfy the no-slip condition at the wall (r=1). Note that the
cosine expression obtained by Culick! for the axial velocity
also has a leading term proportional to y, upon expansion
for small (1 —7) at the wall. This consistency indicates that
inner/outer matching should be feasible.

It further appears that the shear stress [Eq. (29)] is pro-
portional to the first-order axial pressure gradient, while be-
ing inversely proportional to the injected mass flux—as
would be expected. Of course, dp,/0x depends on F; so,
one expects their ratio to be finite at the limit as zero injec-
tion is approached.

The zeroth-order differential system reads

apo aGo aF,
- = _F 30
ar " ax oy 0 GO
oF, 9 3 4 v,
g (Futte) =g (Fovy + Fun) = = Fyvy b= <
3
3G, 3Gou, 8 du
—at—o+——3§;—0—5;(cov1+leo)=_Govo+—5;z_o' (32)
ap, 3 d
atO +_a_;(7p0u0) ——a-;(yplvo +YDoU1) = —¥Poly
apo ( Py 6191)] v 9%h
+(y—1 —_ — 4 vy ) | +— 33
(v )[Uo o vy 3y Yo 3y P. 97? G3)
The corresponding first-order formulation is
ap1 aGl aplvl
e =—F —yF 34
ot ax ay R 9

9F, 9
74'3;(}70141'1‘171“0)—3;[01 (F1+p11)0)]
4 3%y
=—[Foupy + (Fou, + F1vg) ] +—— ——
3 9y

4 dvy 1 Py,
3 oy 3 dxay

(335)
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G 0 a
—El+a-(61uo+00ul)——5(611)1+plvou1)
Pu, duy 1 3%y
- - Rt I o 36
(Gyvy +Govy) —Govey + 2 3y 3 3x3y( )
ap; a d
—_— uy +yu —_— U) = — YDV
o T ox (Yp1Ug +yu 1 po) % (vypiv1) YPoVoY
% dh, 3*h,
—v(po, +P11’0)+7r _Ty—+ 3%
ap ap ap
+(y=1) ul—a-x—°+uo—aj—v1-§ 37

With the foregoing result for axial velocity, the zeroth-
order formulation can be utilized to solve for the y
dependence of the other dependent variables. The zeroth-
order continuity equation can be written in split form, since
F, and p, are independent of y,

3
—;’}+FO (1) = Cy (%.0) (38)

a (K, apl) _9F,
ax \ vy, Ox

—5)‘}—= —Cy(x,0) 39

where Cy(x,7) is a common separation parameter with a
range of values uniquely corresponding to the boundary
data. The second equation yields

1 9
F (y,x,t)=By(x,1) + Co (X, 1)y +—— ‘(.4)‘);‘(»00(]0))’2 (40)

2
where:
BO (x:t) =F1 (nyxt) (41)
K, 9p,
1) = —_ 42
Uy (x,1) F, ox 42)

Similarly, the zeroth-order radial momentum equation
yields, after splitting:

dF,
Tt"+F0u0=c1 (x,1) (43)
C,—1,Cy 1 1 dy, ,
) = _ y+—"Uy— —
vl (X,t,y) Bl (x:t) + F() y 2 4] UO ax
Bl (x,t)——-v,(x,t;O) 44)

The foregoing results for F, and v; yield the first-order
density:

— 2C,~C,/ 0 U, 2
(By—poB,) 4 (2C, 1 Uo)y+ (Po 0)_1_
Vo Vo dx \ v, 2

pl (X) t;y) =
(45)
Note that: p,(0,x,2)=(By—poB;)/vy so that p, is uniquely

defined and no additional integration is necessary. Now,
following the definition of p; in Eq. (24),

by (r3x%.1) = [Py = hopy (73,0 1/p0 (46)
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Note that although py=py(f), the zeroth-order enthalpy
hy(x,t) may still obtain a nonuniform axial temperature
distribution.

The axial momentum balance [Eq. (32)], after dividing
through by F, and following integration yields

U, aU, 1 9 3
U (x,t;y) =— [ 0 ]yT

——— (U,
Fo 17273 2 ax oW

(1 au, COUO)y2 ByU,

v ot F, /2 F,

47

so that u,(0,x,1)=0, satisfying the no-slip condition at the
wall. Thus, the perturbed axial velocity is third order in its y
dependence and the corresponding viscous dissipation term
(unlike its zeroth-order counterpart) does not vanish at the
wall.

Having determined already that p,=p,(f) in general
(through lower-order analysis), the zeroth-order energy equa-
tion is not expected to yield any further information useful
for steady-state analysis and is therefore discarded. One may
turn now to the first-order energy equation, which seems to
yield some simple and highly useful results even without full
solution. After some manipulation, Eq. (37) obtains

i (au‘) av1+v>+ (au1+v +v)
Y '\ o 3y i YPo ax oY+ Uy
ap, vy 9h
1 = 48
ko x P, 8y “3)

Using the appropriate first-order expressions obtained
earlier (for u,, vy, and h;) in Eq. (48) and collecting equal
powers of y yields

ap, ( G —C000>
- + P —
{ 37 TP \%o F,

1/P, 0 [ poU
+vDo [Bl +—p2 5‘;( (; 0>]}y0
0 0

o (U, 3 U,B,
+ TPV o\, + Do E A
o 0

C —-Cyu )
+v0+—1F g °]+U0—£C‘}y
0

e[ U B0 (100 GU)] 2

TPo v, dx Ox \vy, of F, 2
é)[Uo pg 0 <Uo)])’3

— —_—— —=0 49
+6x vy 2 9x \ pg 3 “9)

Compatibility with the foregoing derivation [in which y
and (x,f) variable separation was implemented] can be main-
tained provided each of the bracketed terms in Eq. (49)
vanishes identically. The resulting four compatibility rela-
tions would, in principle, determine the behavior of the wall
sublayer system up to the first order in ¢, the small perturba-
tion quantity. A total of three undetermined coefficients
should arise necessarily to accommodate coupling with the
outer, inviscid (core) flowfield, through inner/outer asymp-
totic matching.

First-Order Pressure Perturbation

In this section, the first-order axial pressure distribution at
steady state will be resolved, based on the viscous wall-layer
formulation derived earlier. Before carrying out this deriva-
tion, however, several physical aspects of the injected
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Fig. 3 Dimensionless axial pressure distribution. Shown are the ex-
perimental points of Brown et al.® with their original scale at left,
along with the rotational-inviscid solution by Culick.! The two first-
order solutions generated from the present viscous sublayer analysis
are overplotted.

flowfield should be discussed from the viewpoint of the
“outer” inviscid core flow region.

In the outer inviscid core flow, the axial pressure dif-
ference is balanced by the appropriate flow acceleration, so
that

[p*(0) —p*(x)1/ (Vepgu*?) ~O(1) (50)

In contrast, the seemingly equivalent dimensionless represen-
tation by Brown et al.® in which the mean axial velocity is
replaced by the injection Mach number,

[p*(0) —p* (x)] ~< L >2>1 1)

Vayp* (x) M5 R¢

indeed obtains large numbers for large values of x=x*/R,,
as shown in Fig. 3. The last proportionality was obtained
from the overall conservation of mass within the injected
tube. Typically, L*/R,~ O(10) in the aforesaid experiments.?
In agreement with the typical injection Reynolds numbers of
this experimental setup, suppose now that

(L*/R§)2e~ (L*/R3 )My ~0 (1) (52)

where 0<e<1 is the small-perturbation quantity defined by
Eq. (18). Thus, dividing the left side of Eq. (51) by that of
Eq. (50), one obtains the velocity ratio,

ﬁ:outer)/vz)k (inject) o ( 1/\/2) (53)

Furthermore, using the last proportionality of Eq. (52) in
Eq. (51), the dimensionless axial pressure difference is

Lp* (0) —p* (x)1/p* (x) ~ My~ O (¢) (4

Obviously, one may now generate a variety of injected
Mach numbers with the same porous tube having a fixed
length/diameter ratio. To avoid ambiguity, the L* herein
should be viewed as a reference axial length that satisfies
Egs. (51) and (52), of the same order of magnitude as (but
not fixed as) the geometrical tube length. The physical
significance of this definition can be demonstrated by Eq.
(51): whenever injecting at a very small M, a rather large L*
is needed to detect an appreciable axial pressure drop.
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Recall that py=py (9 and p, =p,(x,f) as derived in the
wall-layer analysis. Hence, up to first order, no radial
pressure gradients arise, and the ‘‘inner”” and ‘‘outer”
pressures must be equal, viz.,

p§” =p§’, pi”=p{» (55)

Suppose now that the leading term in the outer axial velocity
expansion is, according to Eq. (53),

u'9) o
"o +uf® +h.o.t. (56)

u(o) (x)r,t) -~

(h.o.t=higher order terms), while the remaining outer
variables are of simpler form, e.g.,

v (x,1,£) ~ v§? +Vev{? +h.o.t.

Therefore, the outer axial momentum balance, derived from
Eqs. (7-12) yields, at order 1/¢,

]
(P U + K [) =0 &)

which demonstrates the actual manner by which the first-
order pressure perturbation is supported in the outer core
flow.

To conclude, a first-order pressure perturbation within the
flowfield, ep;(x,f), has been postulated, following the
viscous wall-layer analysis. The pressure is common to both
inner (wall-layer) and outer (core flow) regions. Within the
wall layer, it is balanced by the shear force, or zeroth-order
vorticity generation, as shown in Eq. (27). In the core flow,
it is balanced by the lowest-order axial acceleration.

As evident in Fig. 3, the experimental data of Brown et
al.® also demonstrates that significant departures from the
parabolic axial pressure drop profile (as predicted by the in-
viscid formulation) evolve at sufficiently large x. In the
meantime, departures from the self-similar cosine velocity
profiles are evident, which become more appreciable with in-
creasing x. Therefore, elucidation of the first-order pressure
perturbation seems to be very important for proper under-
standing of this type of injected flow. This is undertaken in
the remainder of the present section for steady state.

Axial Pressure Distribution

Either of the first two compatibility conditions of Eq. (49)
can be used to solve for the axial distribution of p,(x); we
begin with the first condition (the one independent of y). At
steady state, the time derivative drops and, from Egs. (38)
and (43), C, =v,C,, so that the equation reads

1/P, d (p,U,
YP1Vo + 7P [Bl " —(&)] =0 (58)
po dx \ v

where B is the value of the injection velocity perturbation at
the wall, defined by Eq. (44), and U, is defined by Eq. (42).
Let

vo=Fy=—1 and py=p,=1 (59)

which are uniform distributions. Note that the negative signs
of F,, and v, denote injection at the wall, while positive signs
denote suction. The radial velocity perturbation at the wall is
expressed as

B, =ay+oap;(x) (60)

where the second term anticipates the response to the local
pressure perturbation; both coefficients are expected to be
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Fig. 4 Sensitivity of the measured axial pressure drop to the injec-
tion Reynolds and Mach numbers (or to the parameters K,, and ¢) is
demonstrated after rescaling two distinct data groups from Fig. 3.
Excellent correlations are obtained by the use of the cosine solution
obtained herein. The increasing vertical ‘‘dispersion’’ of the data
points (with increasing x) in Fig. 3 is thus explained physically and is
not due to an increasing error in measurement.

positive. Now the first compatibility equation reads

(3;‘21 +b¥p, =—b, O<x<L 61)
where
by=oyP,/K,,, b, =[P, (a¢;-1)/K,1" 62)
The boundary data are
dp,/dx(0) =0, p,(L)=p, 63)

The solution to the two-point boundary value problem is
Dy (x)=Acos(bx)—by/b} (64)

Interestingly, the second compatibility condition of Eq.
(49), the one proportional to y, obtains a family of boundary
value problems for p,(x) quite different from the harmonic
[Eq. (61)]. The solution is as follows. After use of the same
assumptions as in Eq. (59), the second compatibility condi-
tion yields

d&p, d < dpl> 1 1 <dpl 2
(B ) +——+—(—=L) =0 (65
b dxz +d.X 0 dx Km v dx ( )

where B, is the radial mass flux perturbation at the wall
defined by Eq. (41). This is expressed similarly to B, as

By=8y+8p(x) (66)

After some manipulation, the nonlinear differential equation
is, for O0<x<L,

d’p dp,\2
(>\2+>\1p1)ﬁ+ (El) +2=0
1/K,, 1+3 Bo

No= 67)

A\, =

> )\E >
(Uy)+8, 1 (/) +8, (1/7) +8,
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A general solution will not be attempted herein; however, the
approximation for 8, > 1,

A =1

yields a solution that satisfies the boundary data of Eq. (63),
b, \* 21%
pi(x)=—N\+ B [1-(bx)*1" (68)
0

where b, =X,/(b,)” and b, is an integration constant. It will
be shown that both Egs. (64) and (68) correlate the available
experimental axial pressure drop data very well, with very
small differences between the numerical values generated.

In summary, two solutions to the axial pressure distribu-
tion are obtained, as a result of the viscous wall-layer
analysis. Both solutions depend critically upon the perturbed
wall-injection velocity B, or mass flux B,.

The parts of these perturbation parameters (a, and Bo)s
which are independent of pressure, represent a uniform in-
jection correction. These two parameters affect the eigen-
value of each of the compatibility equations, b, and \,,
which, in particular, determines whether satisfying a
downstream boundary condition is feasible.

The pressure-dependent parts «; and 8, represent the real
part of the complex pressure response (or admittance) func-
tions of the porous wall material. Significantly, both are
positive, which means that the poroug material behaves in a
manner similar to that of an orifice (increase inward injec-
tion rate when inner pressure drops), as expected; this is the
opposite of a typical propellant response (where the en-
hanced burning rate is caused by an inner pressure increase).
The two pressure-dependent parameters affect the inverse ax-
ial wavelength characteristic of the frictional or viscous
pressure drop; the respective parameters are b, in Eq. (64)
and b, in Eq. (68).

Interestingly, if the sign of (b,)? is reversed in Eq. (61), as
for a; <0 representing propellant-like admittance, a family
of hyperbolic solutions would be obtained. A hyperbolic
cosine can accommodate the boundary data of Eq. (63) and
the axial pressure drop, but its steep variation can only
poorly simulate the injected cold-flow data of Brown et al.8
From these considerations, some of the difficulties in the
simulation of internal rocket flow by porous-pipe injected
flow may be indicated, particularly regarding the axial
development of the vorticity in the wall layer inferred from
the axial pressure drop.

Discussion of Results

According to Eq. (54), the normalized axial pressure drop
is defined, using the distribution obtained by Eq. (64), as

ap = PO =P 1 cosbix) +0(6) (69)
ep(x)

This formula is used to correlate the experimental data of

Brown et al.,® as shown in Fig. 3. Clearly, the measured

pressure drop profile is correlated very well by Eq. (69),

which is obviously superior to the pseudoinviscid expression!

shown as well.

Two points of the experimental data set (x, Ap,) have been
used to determine the parameters A, =13.30 (integration
constant) and b, =0.03805; this is necessary since no physical
input is available regarding values of the injection velocity
perturbation B,. The same data set is correlated by Eq. (68)
as well, leading to

Ap;=by[1-~1- (b4x)2]

by=(by/N)" 70
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and the correlation parameters are b;=55.45 and
b,=0.01674. In both cases, the same arbitrary pressure drop
scale was used to facilitate overplotting with the original data
points of Brown et al.®

At each axial position x, the data points plotted by Brown
et al. in Fig. 3 obtain a slight vertical spread. The different
symbols used actually correspond to distinct injection
Reynolds numbers and Mach numbers (R,y,M,) as shown in
the accompanying table. The aforementioned vertical spread
is caused mainly by the differences in the R, and M,
parameters, not by experimental error. Once these dif-
ferences are accounted for, the actual consistency of the ex-
perimental data can be demonstrated; in Fig. 4, this con-
sistency is shown to be much better than what might be in-
ferred from Fig. 3.

In Fig. 4, two of the original data sets are reproduced,
corresponding to dark squares (low R,) and light circles
(high R,) in Fig. 3. The axial pressure drop data are first
rescaled, multiplying through by the appropriate conversion
factor,

_YM§2 e
T e 2K

CF

m

for each data set. With the proper scaling used in Fig. 4, the
sensitivity of the normalized axial pressure drop data to the
Reynolds number (and the parameter K,,) is demonstrated.
The cosine pressure drop formula of Eq. (69) is used to cor-
relate each of the two data sets in Fig. 4 (separately using
two sets of parameters 4, and b,) with excellent results.

Two important observations can now be made:

1) The axial pressure drop to lowest order is O(e) and is
governed by the dissipative wall-layer processes, as derived in
the present analysis. The x dependence of both cosine and
square root solutions obtained herein [Egs. (69) and (70)]
seems different from the Culick expression!; however, both
have parabolic leading terms when expanded for small (b,x)
and (b,x), respectively.

2) One need not invoke turbulence generation in the main
flow to explain the departure of the measured axial pressure
drop from that predicted by the pseudoinviscid solution of
Culick.! The correction obtained to the parabolic expres-
sion! is not negligible: at x=32, it amounts to 17%, as
shown in Fig. 3.

Another property of interest is the wall friction coeffi-
cient, or dimensionless wall shear stress,

*

ou
=#* ay* /%p*d*z

Ty

Vzp*ﬁ*z

Cf=

where #* denotes the mean axial core flow velocity. Using
the dimensionless convention employed herein, along with
the wall-layer coordinate,

3
Cp=¢ ”0/2x2 1)

as #=2x was used for a cylindrical port and subscript zero
denotes zeroth-order convention. Now, from Eqgs. (28) and
(64),

€ (sinb,; x)

Cp=— Kb A= (72)

This parameter is plotted against 1/2x (which denotes the
ratio of blowing of mean axial velocity) in Fig. 5. A nearly
linear relationship is obtained, using the coefficient values
obtained from the two data groups in Fig. 4. In comparison,
the data obtained by Olson and Eckert® is considered.
Reference 6 includes a plot of the ratio of (axial pressure
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Fig. 5 Viscous friction coefficient calculated for the two cases
shown in Fig. 4. The deviation (slight curvature) from linear
behavior at large values of x is in agreement with the measurements
of Olson and Eckert® and could not be supported by the rotational-
inviscid theory.

gradient)/(mean dynamic axial head) vs v§/ug =1/2x. This
obtains an almost linear correlation, as would be expected
from a parabolic pressure drop. However, the slight cur-
vature particularly apparent at small values of 1/2x<0.01
can be followed only with the present formulation and not
with any purely parabolic pressure profile. Thus, the first-
order pressure distribution obtained from the viscous wall-
layer analysis agrees well with the measured data of Brown
et al.,® while the associated wall friction coefficient follows
the same trend as that measured by Olson and Eckert.®

Conclusions

A derivation of the viscous wall-layer regime has been
presented, pertaining to injected flow in a cylindrical porous
tube, in simulation of interior solid-propellant rocket flows.

Solutions for the radial coordinate (or y dependence) of all
the dependent variables up to the first order have been
generated in polynomial form. The (x,?) dependence is defined
in terms of a relatively simple partial differential system.

Particular steady-state results of the analysis are:

1) The first-order axial pressure drop was solved in terms
of the viscous wall-layer processes, using a general injection
perturbation function for the porous wall. The analytical ex-
pressions obtained are in very good agreement with the ex-
perimental cold-flow data of Brown et al.? regarding the axial
pressure drop.

2) The variation of the axial velocity profile uy(x,y)+
eu;(x,y) within the injected wall layer was also solved.
The zeroth-order axial velocity distribution within the wall layer
is linear radially; thus, 8%u,/3y* = 0 and to lowest-order viscous
dissipation is negligible in the axial momentum balance. This
may explain why rotational, inviscid solutions such as that of
Culick! and others (chosen to satisfy the no-slip condition near
the wall) obtain such good zeroth-order approximations.

Certain difficulties in simulating internal rocket flows by
injected porous pipe flows have been pinpointed. Of par-
ticular concern is the pressure sensitivity of the perturbed
wall injection rate, which is” of opposite signs for porous
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materials and for propellants. At steady state, this is shown
to affect the axial pressure distribution; through the gra-
dient, dp,/dx, the vorticity generation rate within the wall
layer is therefore expected to differ between the injected
porous pipe and internal rocket flows. Despite these draw-
backs, cold-flow simulation still contains all of the necessary
fluid dynamic mechanisms prevailing in the rocket motor.
For this reason, it remains a valid simulative tool.

The good agreement between the foregoing analytical
results and the experimental data indicates that the viscous
wall-layer approach developed herein is physically valid and
obtains a significant effect over a considerable portion of the
axial length of the injected pipe. Therefore, the present work
can be considered to be a necessary preliminary step toward
nonsteady analysis of viscoacoustic coupling in this family of
injected flows.
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